Abstract. In this article we study a class of non-Archimedean pseudodifferential operators whose symbols are negative definite functions. We prove that these operators extend to generators of Feller semigroups. In order to study these operators, we introduce a new class of anisotropic Sobolev spaces, which are the natural domains for the operators considered here. We also study the Cauchy problem for certain pseudodifferential equations.
Introduction
The interplay between pseudodifferential operators and stochastic processes constitutes a classical area of research in the Archimedean setting see e.g. [12] - [14] , [20] and the references therein, and in the non-Archimedean one, see e.g. [15] , [16] , [22] , [23] , [25] , [26] , [27] , and the references therein.
This article aims to study a class of non-Archimedean pseudodifferential operators having negative definite symbols, which have attached Feller semigroups. These operators have the form (A (∂) ϕ) (x) = −F −1 ξ→x (a (ξ) F x→ξ ϕ) where ϕ : Q n p → C is a test function, Q p is the field of p-adic numbers, F x→ξ denotes the Fourier transform, and the symbol ξ → a (ξ) is a negative definite function, for x ∈ Q n p and t ∈ R + . A typical example of such symbols are functions of the form m j=1 b j ψ j (ξ), where the ψ j : Q n p → R + are radial (i.e. ψ j (ξ) = ψ j (||ξ|| p )), continuous, negative definite functions and the coefficients b j are positive real numbers. In the non-Archimedean setting there exist 'exotic' negative definite functions such as exp exp exp ∞ j=0 a j ξ αj p where ∞ j=0 a j y αj is a convergent real series with a j > 0, α j > 0 and lim j→∞ α j = ∞, see Lemma 1. This type of functions do not have Archimedean counterparts. Let P (∂) denote a pseudodifferential operator whose symbol is a negative definite function p (ξ). We introduce a new class of function spaces B ψ,∞ (R) attached to a negative definite function ψ related to p (ξ). These spaces are generalizations of the spaces H ∞ (R) introduced by the second author in [26] . The spaces B ψ,∞ (R) are nuclear countably Hilbert spaces. We show that B ψ,∞ (R) is the natural domain for an operator of type P (∂) for a suitable ψ. Under mild hypotheses, we show that (P (∂), B ψ,∞ (R)) has a closed extension to C 0 Q of bounded continuous functions vanishing at infinity) which is the generator of a Feller semigroup, see Theorem 2. We also study the following Cauchy problem:
(1.1)    ∂u ∂t (x, t) = P (∂)u(x, t) + f (x, t), t ∈ [0, T ], x ∈ Q n p ;
u(x, 0) = h(x) ∈ B ψ,∞ (R) .
is well-posed and find explicitly the corresponding semigroup, which is a Feller semigroup, see Theorem 3.
Equations of type (1.1) appeared as master equations in several models that describe the dynamics of certain hierarchic complex systems, see e.g. [2] - [3] , [8] , [16] and the references therein. From a physical perspective, it is expected that all these master equations should describe the evolution of a probability density, our results show that this is, indeed, the case for a large class of symbols.
An interesting open problem consists in extending the results presented here to the case of symbols of type p (x, t, ξ) = m j=1 b j (x, t)ψ j (ξ), where the ψ j : Q n p → R + are radial, continuous, negative definite functions and the coefficients b j : Q n p × R + → R + are positive functions satisfying some suitable condition. The article is organized as follows. In Section 2, we collect some basic results on the p-adic analysis and fix the notation that we will use through the article. In Section 3, we collect some known results on positive definite and negative definite functions on Q n p and show the existence of certain 'exotic' negative definite functions in non-Archimedean setting. In Section 4, we construct the spaces
The space B ψ,∞ (R) is densely and continuously embedded in C 0 (Q n p , R), see Lemma 2. In Section 5, we recall the Yosida-Hille-Ray Theorem in the setting of (Q n p , || · || p ). Moreover, we introduce a new class of pseudodifferential operators attached to negative definite functions. We show that these operators have a closed extensions which are the generators of a Feller semigroups, see Theorem 2. In Section 6, we study the Cauchy problem (1.1), see Theorem 3.
2.
Fourier Analysis on Q n p : Essential Ideas 2.1. The field of p-adic numbers. Along this article p will denote a prime number. The field of p−adic numbers Q p is defined as the completion of the field of rational numbers Q with respect to the p−adic norm | · | p , which is defined as
, where a and b are integers coprime with p. The integer γ := ord(x), with ord(0) := +∞, is called the p−adic order of x.
Any p−adic number x = 0 has a unique expansion of the form
where x j ∈ {0, 1, 2, . . . , p − 1} and x 0 = 0. By using this expansion, we define the fractional part of x ∈ Q p , denoted {x} p , as the rational number
In addition, any non-zero p−adic number can be represented uniquely as
We extend the p−adic norm to Q n p by taking
We define ord(x) = min 1≤i≤n {ord(x i )}, then ||x|| p = p −ord(x) . The metric space Q n p , || · || p is a complete ultrametric space, which is a totally disconnected topological space. For r ∈ Z, denote by B n r (a) = {x ∈ Q n p ; ||x − a|| p ≤ p r } the ball of radius p r with center at a = (a 1 , . . . , a n ) ∈ Q n p , and take B n r (0) := B n r . Note that B n r (a) = B r (a 1 ) × · · · × B r (a n ), where B r (a i ) := {x ∈ Q p ; |x i − a i | p ≤ p r } is the one-dimensional ball of radius p r with center at a i ∈ Q p . The ball B n 0 equals the product of n copies of B 0 = Z p , the ring of p−adic integers of Q p . We also denote by S n r (a) = {x ∈ Q n p ; ||x − a|| p = p r } the sphere of radius p r with center at a = (a 1 , . . . , a n ) ∈ Q n p , and take S 
Such distributions are called regular distributions.
We will denote by D R := D R (Q n p ), the R-vector space of test functions, and by D
n x denotes the C−vector space of all the complex valued functions g such that the essential supremum of |g| is bounded. The corresponding
Denote by C(Q n p ) the C-vector space of all complex-valued continuous functions. Set
where lim ||x||p→∞ f (x) = 0 means that for every ǫ > 0 there exists a compact subset
is a Banach space. The corresponding R-vector space will be denoted as
The additive characters of Q p form an Abelian group which is isomorphic to (Q p , +), the isomorphism is given by ξ → χ p (ξx), see e.g.
We will also use the notation F x→ξ f and f for the Fourier transform of f . The Fourier transform is a linear isomorphism from
where the limit is taken in L 2 . We recall that the Fourier transform is unitary on
We also use the notation F x→ξ T and T for the Fourier transform of T.
Positive Definite and Negative Definite Functions on Q n p
In this section, we collect some results about positive definite and negative definite functions that we will use along the article, we refer the reader to [4] for further details.
We denote by N, the set of nonnegative integers. 
We denote by N (Q 
Example 3. In [18] , see also [15] , Rodríguez-Vega and Zúñiga-Galindo considered the following Cauchy problem:
where a, β, T 0 are positive real numbers, and (D 
is also negative definite function. By the first part e ψ0(ξ) is negative definite. By induction on j we obtain (3.4).
Negative definite functions of form (3.4) can only occur in the non-Archimedean setting.
From now on, ψ : Q n p → C (or R) denotes a radial, continuous and negative definite function. We consider three subclasses of negative definite functions, however, we do not expect that this classification be complete. 
β , for all ξ ∈ Q n p .
Function Spaces Related to Negative Definite Functions
Along this section ψ : Q n p → C denotes a negative definite, radial and continuous function of type 1 or 2, unless otherwise stated. In addition, we will assume that
This condition is achieved by multiplying ψ by a suitable positive constant. Condition (4.1) implies that
In this section, we introduce two classes of function spaces related to ψ, namely B ψ,l (C), l ∈ N, and B ψ,∞ (C). These spaces are generalizations of the spaces H C (l), l ∈ N, and H C (∞) introduced by Zúñiga-Galindo in [26] , see also [24] . The results presented in this section can be established by using the techniques presented in [26] , [24] .
For ϕ, γ ∈ D(Q n p ), and l ∈ N, we define the following scalar product:
where the bar denotes the complex conjugate. We also set We set
. With the topology induced by the family of seminorms {|| · || ψ,l } l∈N , B ψ,∞ (C) becomes a locally convex topological space, which is metrizable. Indeed,
is a metric for the topology of B ψ,∞ (C) considered as a locally convex topological space. A sequence {f l } l∈N in (B ψ,∞ (C) , d ψ ) converges to f ∈ B ψ,∞ (C) if and only if, {f l } l∈N converges to f in the norm || · || ψ,l for all l ∈ N. From this observation, it follows that the topology on B ψ,∞ (C) coincides with the projective limit topology τ P . An open neighborhood base at zero of τ P is given by the choice of ǫ > 0 and l ∈ N, and the set U ǫ,l := {f ∈ B ψ,∞ ; ||f || ψ,l < ǫ}. The space B ψ,∞ (C) endowed with the topology τ P is a countable Hilbert space in the sense of Gel'fand and Vilenkin, see e.g. 
, which is a nuclear countably Hilbert space; (ii) Take f ∈ B ψ,l (Q n p ), then there exists a sequence
By taking l = 0 and using that L 2 is complete, we have
(iii) and (iv) are an immediate consequence of (ii).
(v) By using the fact that
ψ is of type 2 and l ≥ 1.
Take f ∈ B ψ,∞ (C) with ψ of type 1. By using the Cauchy-Schwarz inequality and (4.3), we have for all l > n β0 ,
Thus f ∈ L 1 , and since the Fourier transform of a function in L 1 is uniformly continuous, now by the Riemann-Lebesgue theorem, we obtain that
Since the topology of B ψ,∞ comes from the metric d ψ , the continuity of the embedding B ψ,∞ → C 0 (Q n p , C) follows from (4.4), by using a standard argument based in sequences.
The proof is similar for functions ψ of type 2. (vi) By (i) and Remark 3, and (v), we have
1 uses the same argument given [26] for Theorem 3.15-(ii). Then, by the Riemann-Lebesgue theorem,
Recall that H C (l) = B ψ,l (C) and H C (∞) = B ψ,∞ (C) when ψ=|| · || p , see [26] , [24] .
Proof. By definition of the classes type 1 or 2,
and l ∈ N.
By using the density of D Q n p in (B ψ,l (C), ||·|| ψ,l ), we conclude that B ψ,l (C) ⊆ H C (l) for any l ∈ N. Consequently B ψ,∞ (C) ⊆ H C (∞). To check the continuity of the identity map, we use that if f n
→ f for any l ∈ N, which means that the sequence {f n } n∈N converges to f in H C (∞).
Pseudodifferential operators and Feller semigroups
5.1. Yosida-Hille-Ray Theorem. We recall the Yosida-Hille-Ray Theorem in the setting of (Q n p , || · || p ). For a general discussion the reader may consult [9, Chapter 4] .
A semigroup {T (t)} t≥0 on C 0 (Q n p , R) is said to be positive if {T (t)} t≥0 is a positive operator for each t ≥ 0, i.e. it maps non-negative functions to non-negative functions. An operator (A, Dom(A)) on C 0 (Q n p , R) is said to satisfy the positive maximum principle if whenever f ∈ Dom(A)
We recall that every linear operator on C 0 (Q 
and the pseudodifferential operator 
We set ψ(||ξ|| p ) := ||ξ|| β p . Notice that max{1, ψ(||ξ|| p )} = [max{1, ||ξ|| p }] β . We attach to P (∂) the space B ψ,∞ (R). In the case (ii),
where J is the set of indices j ∈ {1, 2, . . . , m} for which ψ j is of type 2. We attach to P (∂) the space B ψ,∞ (R).
(iv) From now on we will assume that in (5.1) there is at least one function ψ j of type 1 or type 2. [18] . 
where −f −β < ∞ is the total variation of −f −β . This implies that −D ψ β ϕ has a unique continuous extension to C 0 Q n p , R , which satisfies the positive maximum principle.
Example 6. Set J as in Example 2. Then the function ψ J ξ p := 1 − J(||ξ|| p ) is negative definite and it satisfies 0 ≤ 1 − J(||ξ|| p ) ≤ 2 for ξ ∈ Q n p , which implies that ψ J ξ p is of type 0. Then
Notice that −D ψ β satisfies Remark 7 and the positive maximum principle. Since
we have D ψ J ϕ has a unique continuous extension to C 0 Q n p , R , which satisfies the positive maximum principle. Example 7. Take ψ βi ξ p for i = 1, . . . , l with 0 < β 1 < · · · < β l as in Example 5, and let J i be functions as in Example 2 for i = l + 1, . . . , m, and set
where the b i 's are as before, is a negative definite function of type 1, and it satisfies ψ(||ξ|| p ) ≤ C max {1, ||ξ|| p } β l . Then the operator
satisfies Remark 7 and the positive maximum principle.
Lemma 5. For any fixed positive real number λ, the equation
has a unique solution u in B ψ,∞ (R).
Proof. By using that f ∈ L 2 , we have
.
We now recall that ψ j (||ξ|| p 
. The uniqueness follows from the fact that (λ − P (∂))u = 0 has u = 0 as a unique solution since B ψ,∞ (C) ⊂ C 0 (Q n p , C), see Lemma 2 (v) . We now show that u (x; λ) is a real valued function. Recall that
where
Claim u (x; λ) = lim k→∞ u k (x; λ) in L 2 -sense, where the u k (x; λ)'s are real valued functions.
Then there exists a subsequence of {u k (x; λ)} k∈N converging almost uniformly to the same limit, which implies that u (x; λ) is a real valued function outside of a zero measure subset of Q u(x, t) − u(x, t 0 )
Now, when t → t 0 , τ (x) → t, so that lim t→t0 u(x, t) − u(x, t 0 ) Proof. Set (̥(t)u)(x) = Z t (x) * u(x), for t ≥ 0, u ∈ D R Q n p .
By using Lemmas 7, 8 ,
where ||Z t || M denotes the total variation of the finite Borel measure Z t , and since D R Q n p is dense in C 0 (Q n p , R), we conclude T (t) = ̥(t) for t ≥ 0. Finally, by Theorem 2, ̥(t) gives rise to a Feller semigroup.
Remark 8. With the hypotheses of Theorem 2 and assuming that p(0) = 0, we obtain the existence of a Lévy process (X t ) t≥0 with state space Q n p , such that Z t (x) = P Xt−X0 (x), where P Xt−X0 denotes the distribution of the random variable X t − X 0 . This result follows from [10, Section 2], since Z t is a convolution semigroup such that Z t → δ 0 weakly as t → 0 + .
